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We consider several configurations that describe Wilson loops in nonrelativistic field theories,
and for some of them we find systems of coupled nonlinear differential equations. Also, we find
a nontrivial drag force at zero temperature, which suggests that the parameter controlling the
deviation of the nonrelativistic space from the relativistic space may be related to the chemical
potential of these systems. Moreover, we reconsider some known configurations in the literature
and we perform further analysis.
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I. INTRODUCTION
The general idea of the gauge/gravity con-
jecture is that a field theory in a space of d-
dimensions can be equivalent to a gravity the-
ory in d+1 dimensions, when the symmetries of
the field theory are realized as isometries of the
gravity side [1, 2]. This innocent, but powerful,
idea of the holographic principle has driven the
vanguard of physics for almost twenty years.
Roughly speaking, the conjecture states that
there is a correspondence between physical
quantities in the gravitational side and physical
quantities in the field theory side. One impor-
tant quantity in the gauge field theory side is
the Wilson loops, which is a gauge invariant ob-
servable constructed from the connection, and is
associated to the parallel transport of a particle
moving through the gauge field [3, 4].
In the holographic context, the prescription
for the calculation of Wilson loops in the grav-
ity side was given by [5] and was applied in
the AdS5 × S5 solution of type IIB supergrav-
ity which is dual to a conformal field theory.
This prescription has been extended to back-
grounds which are not anti-de Sitter, and by
consequence, to backgrounds that are not dual
to conformal field theories - although, they pre-
serve Lorentz symmetry - see [6–8] for excellent
reviews and further analysis.
Furthermore, another important aspect of the
gauge/gravity duality is that it relates the large
N and strong coupling regime of the field the-
ory with weakly coupled gravitational theory.
As a result, the savage strongly coupled regime
of the field theory can be mapped to a docile
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weakly coupled regime in the gravitational side
and vice-versa [5, 9, 10].
Since we have a plethora of strongly coupled
systems in condensed matter physics, it is per-
fectly reasonable to look for a gravitational dual
to theories which describe these condensed mat-
ter systems. Then, it is clear now that we have a
new paradigm in the gauge/gravity conjecture,
namely, the field theories in condensed matter
fields are nonrelativistic, so we need to consider
that their dual backgrounds have nonrelativistic
isometries [11–18], see [19] for a review.
The holography for nonrelativistic systems
is at an incipient stage, and there are sev-
eral unknown aspects that we need to under-
stand, for example, in theories that exhibit a
d-dimensional Schro¨dinger symmetry, their al-
gebra cannot be organized as an isometry of
a (d + 1)-dimensional space as usual, but in a
(d + 2)-dimensional space, and the role of this
extra dimension is still unclear.
Moreover, just recently the gravity duals of
some of these relativistic systems have been
embedded into string theory, see for instance
[14, 20–23], and it is evident that the funda-
mental nature of the field theories is still a mys-
tery. However, one may hope to be able to iden-
tify and elucidate aspects of the nonrelativistic
dual field theories, just applying the holographic
principle, in the gravity side, in the calculation
of familiar physical quantities.
Wilson loops seem to be a good starting
point, since it is related to a probe string mov-
ing just on the external space. This means that
we can ignore, for a moment, the internal space
(as well as additional fields, such as the dilaton
and p-forms) which composes the supergravity
solution.
In this sense, it is an observable which de-
mands a small amount of information about the
2background where the string is moving in, but
it gives us important information about the na-
ture of the field theory; for instance, if the the-
ory confines, if the theory has conformal sym-
metry and so on [7, 8]. Also, we can compute
drag forces and the energy loss of charged par-
ticles moving in these backgrounds [24–27].
In this work we consider the calculation of
holographic Wilson loops on backgrounds with
nonrelativistic symmetries. As a word of cau-
tion, one needs to remember that as pointed in
[19], we should be careful in using spaces with
nonrelativistic symmetries, mainly if we want
to consider regions near the end of the space.
In the IR we can find null singularities on these
spaces, which can be removed as soon as we
consider finite temperature effects [17, 19, 28].
We start with a short review of the usual pre-
scription of Wilson loops defined in [5], reviewed
in [7]. Also, we highlight the relevant details for
the calculation of the drag forces considered in
[24, 27].
In the main part of this text, we examine
some string configurations on backgrounds with
Schro¨dinger and Lifshitz symmetries and we see
that these systems are tricky. We exclude some
configurations and we also find systems that can
hardly be solved analytically.
Even though the nonrelativistic systems con-
sidered here are at zero temperature, we found
a nonzero drag force for them, as in [29]. Fi-
nally, reconsidering the systems of [30, 31], we
perform further analysis and present some spec-
ulative ideas on the nature of the nonrelativistic
field theory dual to the background.
II. SHORT REVIEW
In this section we present a short review of
the ideas examined in [5, 32] and reviewed in
[7, 8] for the calculation of the quark-antiquark
distance and potential. In addition, we want to
consider some fundamental ideas related to the
drag force on a classical string configuration as
in [24, 25, 27].
A. Quark-antiquark system
We start with a background of the generic
form
ds2 = −gttdt2 + gxxd~x2 + grrdr2 + ds2M (1)
where gtt, gxx and grr are functions of the radial
coordinate r, and the term ds2
M
is a metric of an
internal manifold. We can neglect the internal
space ds2
M
because we consider a probe string
that is not excited along those directions.
We take an ansatz for the string as
t = τ , x = x(σ) , r = r(σ) , (2)
and when we calculate the Nambu-Goto action
and its equations of motion, we find that this
configuration implies
dr
dσ
= ±dx
dσ
f(r)
C0g(r)
√
f(r)2 − C20 , (3)
where f(r)2 = gttgxx, g(r)
2 = gttgrr and C0 is
an integration constant. The shape of the so-
lution in this background can be pictured as a
string whose ends are fixed at x = 0 and x = ℓqq¯
at the boundary of space, r → 0. In addition, it
can extend in the bulk, so that the radial coor-
dinate of the string assumes its maximum value
at r0, that occurs at x = ℓqq¯/2. Furthermore,
one can show that the integration constant is
equal to C0 = f(r0), see [8].
Considering the string solution above, we can
compute gauge invariant quantities such as the
separation and the energy between the end-
points of the string, which can be interpreted
as the separation between a quark and an anti-
quark living on the brane, see [7, 8] for further
details. These results are given by
ℓqq¯(r0) = 2f(r0)
∫ r0
0
dr
g(r)
f(r)
1√
f(r)2 − f(r0)2
, (4)
Eqq¯(r0) = f(r0)ℓqq¯(r0)− 2
∫ r0
0
drg(r) + 2
∫ r0
0
dr
g(r)
f(r)
√
f(r)2 − f(r0)2 . (5)
B. Drag force
In [24], the author considered a probe string
moving through the AdS5-Schwarzschild back-
ground, whose radius of the horizon is related
3to the temperature of the dual gauge theory. In
summary, Gubser considered the metric of the
near-extremal D3-brane
ds210 =
(−hdt2 + d~x2)√
H
+
√
H(dr2/h+dΩ25) (6)
where
H = 1 +
L4
r4
, h = 1− r
4
H
r4
. (7)
The near horizon limit is simply
ds2 =
r2
L2
(−hdt2 + d~x2) + L
2
r2
dr2
h
, (8)
where we drop the five dimensional part of the
metric, since it plays no role in the present case.
Besides, he considered the following configu-
ration
t = τ , x(τ, σ) = vxτ + η(σ) , r = σ , (9)
with action
S =
1
2πα′
∫
dτdσL , (10)
and density
L =
√
1− v
2
x
h
+
h
H
η′2 . (11)
From the equation of motion we find that the
momentum Πη =
∂L
∂η′ is a constant equals to
Πη =
vx√
1− v2x
r2H
L2
. (12)
Using this last expression, the authors of [27]
showed that the drag force, opposite to the mo-
tion of the string, is given by
Fη = − 1
2πα′
Πη, (13)
and using the relation πL2T = rH , we see that
the drag force depends on the temperature of
the system.
In this section we have defined the calculation
of the drag force using the holographic principle,
but we can reconsider this same calculation for
backgrounds without horizon. This is what we
intend to do below.
III. SCHRO¨DINGER BACKGROUNDS
We begin by reconsidering some of the cal-
culations that have been performed in [29–
31, 33] concerning the calculation of Wilson
loops on backgrounds with Schro¨dinger symme-
tries. Moreover, we perform further analysis in
these solutions, and we study additional string
configurations.
The probe string moves on a manifold of the
form
ds2 =
R2
r2
( −dt2
r2(z−1)
+ 2dξdt+ (dxi)2 + dr2
)
(14)
where ξ is a compact timelike coordinate, and
the natural number z is the dynamical expo-
nent. It can be shown , see [19] and references
therein, that for i = 1, · · · , D−1, the space (14)
is the geometric realization of the Schro¨dinger
algebra in D dimensions.
1. Constant compact direction
First, we consider the following configuration
for the probe string [29–31]
t = τ , r = r(σ) , x = x(σ) , ξ = constant .
(15)
The Nambu-Goto action for this configuration
is
S = T
2πα′
∫
dσ
√
R4
r2(z+1)
((x′)2 + (r′)2) , (16)
and if we define f(σ) = R2/r(z+1), the equa-
tions of motion for x and r are
f2x′√
f2(x′2 + r′2)
= C0 (17)
∂σ
(
f2r′√
f2(x′2 + r′2)
)
=
(x′2 + r′2)√
f2(x′2 + r′2)
f
df
dr
.
(18)
Equation (17) implies that
dr
dσ
= ±dx
dσ
√
f2 − C20
C0
= ±dx
dσ
Veff (r) , (19)
and the equation (18) is solved when this last
equation is satisfied. Also, for a ∩-shaped
string, the turning point is defined as the point
r0 where
dr
dx
∣∣
r0
= 0. Using this condition we
determine the constant C0 = f(r0).
4Since we consider a string moving in the bulk
with its endpoints lying on the boundary r → 0,
the Dirichlet boundary condition must be sat-
isfied, that is limr→0
dx
dr → 0. We can see
that this condition is readily satisfied, since
limr→0 Veff →∞.
The quark-antiquark distance is given by
ℓqq¯(r0, z) = 2r0
√
π
Γ
(
z+2
2(z+1)
)
Γ
(
1
2(z+1)
) , (20)
and in [30, 31] it was found that the quark-
antiquark potential [34] is
Vqq¯(r0, z) = −2R
2
√
π
zrz0
Γ
(
z+2
2(z+1)
)
Γ
(
1
2(z+1)
)
= − (2
√
π)1+zR2
z

Γ
(
z+2
2(z+1)
)
Γ
(
1
2(z+1)
)


z+1
1
ℓzqq¯
.
(21)
From this equation we see that for the special
case z = 1 we have the behaviour Vqq¯ ∼ − 1ℓqq¯
in the potential quark-antiquark, which is con-
sistent with the conformal scaling.
In [31], the author also showed that the con-
vexity conditions [35, 36] of such a configuration
are satisfied, that is
dVqq¯
dℓqq¯
> 0 ,
d2Vqq¯
dℓ2qq¯
≤ 0, (22)
where the first condition means that the quark-
antiquark interaction is always attractive and
the second equation means that the potential is
a monotone nonincreasing function of ℓ. There-
fore, this configuration is physically admissible.
A second configuration with constant com-
pact direction that we would like to explore is
given by
t = τ , r = σ , x = vxτ+η(σ) , ξ = const . (23)
As we said in the previous section, the drag
force has been studied in [26, 37] in the con-
text of a quark moving in a thermal plasma of
N = 4 SYM, and we have seen that the horizon
is related to the temperature of the field the-
ory. Despite the fact that in the present case
we do not have a horizon in our geometry, we
may apply the very same ideas.
The action is
S = T
2πα′
∫
dr
√
R4
r2
[
1
r2z
+
η′2
r2z
− v
2
r2
]
, (24)
and the equation of motion implies that Πη,
given by
Πη =
R4η′
r2z+2
√
R4
r2
[
1
r2z +
η′2
r2z − v
2
r2
] , (25)
is a constant. Therefore, we find
η′ = Πη
√
1− v2r2z−2
R4
r2z+2 −Π2η
. (26)
Now observe that if we take z = 1, the numer-
ator in the square root is positive for all values
v < 1, and this is consistent with a relativistic
theory.
For the denominator we find that for some
large r∗ the constant Π
2
η could be greater than
R4/r4∗, and in this case, the denominator would
be negative. Since there is no upper bound for r,
we see that the reality condition of the integral
implies that Πη = 0, which implies that the
drag force is zero, as we shall see below.
This result is expected, since for z = 1 we
have the anti-de Sitter space, which is at zero
temperature, and in the relativistic case, the
drag force for a system at zero temperature van-
ishes. Also, we can see that the equation of mo-
tion for r is trivially satisfied since ∂L∂r′
∣∣
r=σ
= L.
For z = 2, the values Πη = ±R2v3 avoid an
imaginary value in (26). Essentially these two
examples were studied in [29].
In addition, for z > 1 we have the general
5formula
Πη = ±R2v(z+1)/(z−1) . (27)
Using that the drag force, formally defined as
Fdrag = −
√−gGxxgσση′ , (28)
and that Πη =
∂L
∂η′ , we can easily show that
Fdrag = Πη. The drag force is defined to be
contrary to the velocity of the string, hence
Fdrag = −R2v(z+1)/(z−1) . (29)
For the special case z = 2, the drag force is
Fdrag = −R2v3, which is consistent with the
results found in [29].
For a general z, the results above are equal to
the case studied in [38] for the Lifshitz space-
time at zero temperature. This happens be-
cause any configuration in the Schro¨dinger and
Lifshitz spacetimes have the same Nambu-Goto
action when ξ = constant.
In the section II B we have seen that the ra-
dius of the horizon is related to the drag force
of the system. On the other hand, the nonrela-
tivistic spaces we consider do not have horizons,
but have nontrivial drag forces. As the authors
argued in [29], these systems may have a hid-
den chemical potential that allows such a phe-
nomenon. In fact, making the transformations
t → µt and ξ → µ−1ξ in (14), we can repeat
our calculations and see that Fdrag ∝ 1/µ2, and
in the dual field theory, the parameter µ can be
interpreted as the chemical potential [19, 39].
In other words, the chemical potential is the
conjugate variable to the particle number, and
the compact coordinate ξ is directly related to
the particle number (see for instance [19, 39]);
then it is somewhat expected the presence of
this ’hidden’ chemical potential. On the other
hand, the nature of the coordinate ξ is still a
mystery [13–16], and the mechanism (consider-
ing that it exists) which allows us to relate the
spectrum of the masses (particle number) to the
chemical potential is unknown.
2. Nonconstant compact direction
We now consider that the string also moves
on the compact direction ξ. We start with an
example studied by [30], where the author con-
cluded that the configuration is not physical.
Here we point out some reasons that suggest
a richer physical scenario. Furthermore, we
study a new configuration in which the com-
pact direction ξ depends on the coordinate σ
that parametrizes the string. This configuration
is described by a system of nonlinear differen-
tial equations and we could not find an explicit
solution.
The reader must remember that we do not
have a correct interpretation of this coordinate
[19], consequently, the physical meaning of the
string with its endpoints moving along this di-
rection is uncertain; and maybe it is not even
physically admissible. Even so, let us insist on
this direction and examine the ansatz
t = τ , r = r(σ) , x = x(σ) , ξ = ξ(τ) , (30)
where the Nambu-Goto action reads
S = 1
2πα′
∫
dτdσ
√
g(τ, σ)2 ((x′)2 + (r′)2) ,
(31)
for g(r, ξ)2 = R
4
r2
(
1
r2z − 2r2 ∂τ ξ
)
. The equations
of motion are
∂τg(r, ξ) = 0 , (32)
g2x′√
g2(x′2 + r′2)
= C1 , (33)
∂σ
(
g2r′√
g2(x′2 + r′2)
)
=
(x′2 + r′2)√
g2(x′2 + r′2)
g
dg
dr
.
(34)
We can see that ξ(τ) = vξτ , and the third
equation is solved by imposing the second one.
Therefore, the quark-antiquark distance now
reads
ℓξqq¯ =
2g(r0)
R2
∫ r0
0
dr rz+1√
1− 2vξr2z−2 − g2(r0)R4 r2z+2
,
(35)
and the potential is
Vqq¯ = 2
∫ r0
0
dr g(r)√
g2(r) − g2(r0)
− 2
∫ rˆ0
0
drg(r),
(36)
where rˆ0 is the end of the space. The last term
is necessary to remove the infinity part of the
potential [5–8]. This term is the mass of a W-
boson which corresponds to strings stretching
from zero to the end of the space rˆ0. Addi-
tionally, the IR limit is defined such that the
maximum value r0 approaches the end of the
space, that is r0 → rˆ0 [8].
6In [30], the author argued that since this in-
tegral is imaginary for values of r such that
r2(z−1) > r
2(z−1)
∗ = 1/2vξ, the configuration
(30) with ξ = vξτ is unphysical. Even though
his arguments seem accurate, we point out some
reasons which suggest that, perhaps, it is too
early to rule out this configuration, inasmuch
as we must be careful in using nonrelativistic
spaces in our calculations.
First we need to remember that, except when
z = 1, which is the AdS space, we can have
several undesirable features on the background
such as curvature singularities at the end of the
spacetime rˆ0 → ∞, see [19, 28, 40]. On the
other hand, it is important to notice that not all
curvature singularities affect physical quantities
[41–43], therefore, these spaces are not severely
ill-defined.
In fact, considering spaces with Lifshitz sym-
metry the authors of [44] considered a configu-
ration that can be interpreted as scattering am-
plitudes and studied observable consequences
of the singularity in the IR structure of the
dual field theory. Moreover, we are consider-
ing zero temperature systems and these singu-
larities can be removed with finite temperature
effects [17, 19].
Therefore, we expect to integrate the coun-
terterm in (36) up to some point rˆ0 < ∞. In
this case, the problem can be fixed if we con-
sider that the “cutoff” is defined at some point
rˆ0 < r∗, where the integral is well defined.
Evidently, after fixing the end of the space
rˆ0, we have a maximum (allowed) value for the
velocity vξ. Then, we can take a velocity vξ
to be small enough, such that rˆ
2(z−1)
0 < 1/2vξ.
Therefore, we notice that for the case vξ 6= 0, we
have a reasonable configuration under certain
conditions, and also that the velocity along the
compact direction ξ may have an upper bound.
Furthermore, under the time reversal trans-
formation t → −t or the parity ξ → −ξ,
the space (14) is not invariant and we have
g2 = R
4
r2
(
1
r2z +
2vξ
r2
)
. In this case, the integral
for the W-boson mass is always real. This is a
hint that field theory dual to supergravity solu-
tions with Galilean symmetries may “perceive”
the time direction. This is a point that deserves
further investigation.
Alternatively, since the coordinate σ which
parametrizes the string length is compact, we
could consider a configuration with ξ = ξ(σ),
for σ ∈ [0, L]. Then, take the ansatz
t = τ , r = r(σ) , x = vxτ + η(σ) , ξ = ξ(σ),
(37)
with Nambu-Goto action
S = T
2πα′
∫
dσL , (38)
where
L2
R4
=
(
1
r2z
− v
2
x
r2
) (
η′2 + r′2
)
r2
+
(ξ′)2
r4
, (39)
and equations of motion
∂σ
(
R4
r4Lξ
′
)
= 0 , (40)
∂σ
[
R4
r2L
(
1
r2z
− v
2
x
r2
)
η′
]
= 0 , (41)
∂L
∂r
= ∂σ
[
R4
r2L
(
1
r2z
− v
2
x
r2
)
r′
]
. (42)
The first two equations above give
1
r2
(
R4
r4
− C21
)
ξ′2 = C21
(
1
r2z
− v
2
x
r2
)
(η′2 + r′2) , (43)
R4
r4
(
1
r2z
− v
2
x
r2
)2
η′2 = C22
[(
1
r2z
− v
2
x
r2
)
(η′2 + r′2)
r2
+
ξ′2
r4
]
, (44)
respectively.
We can simplify this system considering the
particular case vx = 0. The action is
S = T
2πα′
∫
dσ
√
h2
[
(η′)2 + (r′)2
r2z
+
(ξ′)2
r2
]
,
(45)
7with h(σ)2 = R4/r2. Using the notation
2πα′S = T ∫ dσL, we see that the equations
of motion are
∂σ
(
h2
L
ξ′
r2
)
= 0 , (46)
∂σ
(
h2
L
η′
r2z
)
= 0 , (47)
and
∂σ
(
h2
L
r′
r2z
)
=
∂L
∂r
. (48)
The first of these equations implies that
1
r2
(
h2
r2
− C21
)
(ξ′)2 =
C21
r2z
(
η′2 + r′2
)
, (49)
while the second equation gives
1
r2z
(
h2
r2z
− C22
)
(η′)2 = C22
(
r′2
r2z
+
ξ′2
r2
)
.
(50)
In order to find a restricted class of solutions, we
consider initially ξ = constant, which is the first
case considered in this section. Alternatively,
we can set η = constant and r = σ. In the
latter, the equation of motion for η is trivially
satisfied, which means that C2 = 0, whereas the
equation of motion for ξ gives
dr
dξ
= ±r
z−1
C1
√
h2
r2
− C21 . (51)
The equation (48) now gives us the following
differential equation
h(ξ′)2
r2
= −C3
√
1
r2z
+
(ξ′)2
r2
, (52)
and if we insert (51) into (52) we see that this
system is not consistent unless C1 = C3 = 0,
which implies that ξ = constant. This means
that this restricted class of solutions is trivial,
and in order to find solutions one may try to
solve numerically the coupled equations (43 –
44) or (49 – 50) for vx = 0. We leave the nu-
merical studies of the solutions in this paper for
a future work.
In summary, one sees that the motion of
string along the compact coordinate ξ of a
Schro¨dinger background is a tricky issue, and
deserves further investigation, but in principle,
there is no apparent reason to rule out these
configurations.
IV. LIFSHITZ
Now we would like to study the motion of a
string in a space of the form
ds2 =
R2
r2
(
− dt
2
r2(z−1)
+ (dxi)2
)
+
R2
r2
dr2. (53)
Analogously to what we have done in the last
section, we could try to consider the probe
string with the following profile
t = τ , r = r(σ) , x = x(σ) , (54)
and we get the same equations as in the first
example of section (III 1), see [45]. Moreover,
if we take the example
t = τ , r = r(σ) , x = vxτ + η(σ) , (55)
we find the second example of the same section,
since in that case we considered ξ = constant.
Additionally, the solution presented in [21] is
much more interesting. In this paper, the au-
thors used the methodology of [20], which al-
lowed them to embed a Schro¨dinger invariant
solutions with z = 2 into string theory, to find
a supergravity solution with Lifshitz symmetry.
The exterior part of the solution [21] is given
by
ds2 =
R2
r2
(−2dtdξ + (dxi)2 + r2f(ξ)dξ2 + dr2) ,
(56)
and in order to make explicitly the Lifshitz sym-
metry, we write
−2dtdξ
r2
+ dξ2 ≡ −dt
2
r4
+
(
dξ − dt
r2
)2
, (57)
where we considered f = 1.
Notice that a configuration with ξ =
constant, t = t(τ), r = r(σ) and x = x(σ) is not
allowed, since it would give a zero Nambu-Goto
action. On the other hand, we may consider
that
t = τ , r = r(σ) , x = vxτ + η(σ) , ξ = const,
(58)
and we obtain a nontrivial Nambu-Goto action
S = T
2πα′
∫
dσ
R2vx
r2
√
−(η′)2 − (r′)2 . (59)
From the reality of the action, we may notice
that the functions η and r must be purely imagi-
nary or one of them complex, in such a way that
8the combination −(η′)2−(r′)2 > 0. Such condi-
tions for η and r are unacceptable because they
are distances. Therefore, this configuration is
unphysical.
In [33], we have studied one more configura-
tion, namely
t = τ , r = r(σ) , x = x(σ) , ξ = vξτ , (60)
and we saw that the the quark-antiquark dis-
tance is given by
ℓqq¯(rmax) =
2
√
2√
fvξ
√
−k
2 + 1
k2
(K(k)−E(k)) ,
(61)
where K(k) and E(k) are the complete elliptic
integrals of first and second kind respectively;
and k2 = (fvξr
2
max − 2)/2, with −k2 ∈ (0, 1).
The quark antiquark potential is
Vqq¯(rmax) =
L2
√
2vξ
rmax
[
−2
(
k2
√
fvξ
2
√
2
√
−k2
1 + k2
ℓqq¯ +
a
2
E(k)
)
− 2πn√2a
+
√
2a arcsin
(√
a
2
)
+ 2
√
1− a
2
]
.
(62)
where a ∈ (0, 2).
As we said before, the coordinate ξ is com-
pact, so it is reasonable to take the functional
relation ξ = ξ(σ). Then we consider the ansatz
t = τ , r = r(σ) , x = vxτ + η(σ) , ξ = ξ(σ) ,
(63)
such that
S = T
2πα′
∫
dσL , (64)
where
L = R2
√
(1 − r2v2xf)(ξ′)2 − v2x(η′2 + r′2)
r2
.
(65)
The equations of motion for η and ξ give
η′ = ±C0r
2
vx
√
(1− r2v2xf)ξ′2 − v2xr′2
R4v2x + C
2
0r
4
, (66a)
v2x(ξ
′)2R4
2r2L ∂ξf + ∂σ
(
R4(1− r2v2xf)ξ′
r4L
)
= 0,
(66b)
and if we take f to be a constant, we find
ξ′ = ±vxC1r2
√
η′2 + r′2
(1− r2v2xf)[C21r4 −R4(1− r2v2xf)]
. (66c)
The equation for r is
−∂σ
(
R4v2xr
′
r4L
)
=
∂L
∂r
. (66d)
In order to simplify this system, one can try
to set one further constraint, η = constant.
From the equation of motion for ξ, we find
ξ′ = ± r
2C1vxr
′√
(1− fr2v2x)[r4C21 −R4(1− fr2v2x)]
.
(67a)
We see that if we set r = σ, we find an inconsis-
9tent configuration, since from this last equation
ξ′ = ± r
2C1vx√
(1− fr2v2x)[r4C21 −R4(1− fr2v2x)]
,
(68a)
while from the equation of motion for r we have(
R4(1− r2v2xf)
r4
ξ′2 − C23
)
ξ′2 =
−C23v2x
(1 − r2v2xf)
.
(68b)
By substitution we can see that both equations
are not consistent, unless C1 = C3 = 0, where
the constant
C3 =
R4v2x
r4L + L (69)
solves the equation (66d) for r = σ and η′ = 0.
On the other hand, we can take the system
with η′ 6= 0, but with r = σ. The equations of
motion are
η′ = ±C0r
2
vx
√
(1 − r2v2xf)ξ′2 − v2x
R4v2x + C
2
0r
4
, (70a)
and
ξ′ = ±vxC1r2
√
η′2 + 1
(1− r2v2xf)[C21r4 −R4(1− r2v2xf)]
. (70b)
Finally, we see that the integration constant
C0 is equal to the conserved charge Πη =
∂L
∂η′ ,
therefore, the drag force of this configuration is
Fdrag = −R
4v2xη
′
r4L , (71)
but in order for this to be well defined, we
need to solve the equation of motion for the
coordinate ξ – probably numerically – and we
also need to consider the additional condition
(1− v2xf)ξ′2− v2x > 0, that comes from the real-
ity condition of the equation (70a). Therefore,
we can see that in this case we can find nontriv-
ial drag forces at zero temperature.
V. CONCLUSIONS
In this paper we have reconsidered some
string configurations that give Wilson loops in
the dual nonrelativistic field theory. In sum-
mary, we studied strings moving in spacetimes
with Schro¨dinger and Lifshitz symmetries.
We started with Schro¨dinger spacetimes, and
reviewed the string configurations with con-
stant compact dimensions [31]. In this case, we
have some physical configurations and we cal-
culated the quark-antiquark distance and po-
tential. By extension, we considered the string
moving along the x-direction and we calculated
a nonzero drag force for such a configuration.
Taking into account the motion along the
compact extra dimension, ξ = ξ(τ), we recon-
sidered the configuration of [30]. We pointed
that one cannot claim that this configuration
is unphysical yet; in fact, there are some issues
that must be taken into account: first, the role
of the compact coordinate ξ is not clear, and we
need to remember that there are genuine singu-
larities at the end of the space. Also, at the
present stage of development, we can consider a
parity transformation ξ → −ξ, and, apparently,
this transformation makes the system well de-
fined. But it is obviously a problem to be scru-
tinized.
Alternatively, we pointed out that the coordi-
nate ξ is compact, then the configuration with
dependence ξ = ξ(σ) may make physical sense.
In this case, we found a coupled system of dif-
ferential equations.
For the Lifshitz case, we saw that there are
some cases in which the analysis is the same as
in the Schro¨dinger solution for constant com-
pact dimension [45]. On the other hand, we
have considered the Lifshitz solution related to
the construction given by [21], and we saw that
a rich scenario emerges. For the case with con-
stant compact direction the solution is unphys-
ical.
For a compact dimension ξ with dependence
on the dimension τ , we have calculated the
quark-antiquark potential in [33]. Finally, for
10
the compact dimension with dependence on the
coordinate σ, we calculated the drag force of the
string moving through this background.
We recall that we must be careful in us-
ing these nonrelativistic spaces. An interesting
question is whether the systems of differential
equations have solutions or not. It is also very
promising to consider the effect of fields of the
NS-NS sector on the string, or quantum effects
similar to [7]. We hope to return to some of
these points in a future work.
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